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We propose a method to generate large cluster states without using conditional (e.g., CNOT,
C-phase) gates. Indeed, an arbitrarily large cluster state can be generated and expanded almost
deterministically by single-qubit rotations and a special non-deterministic collective detection. If
the rotation of each step is sufficiently small, the quantum Zeno effect will guarantee that the state
is projected into the intended subspace after each measurement, and an almost-perfect cluster state
can be produced. We also propose a possible implementation of this approach using superconducting
flux qubits.
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Introduction.— Two-qubit joint operations are crucial
in quantum information processing. Indeed, controlled-
NOT (CNOT) gates and single-qubit unitary transfor-
mations are sufficient for universal quantum comput-
ing. However, implementing a CNOT gate experimen-
tally seems to be a daunting task. This is a huge barrier
to scalable quantum computing, which requires numer-
ous CNOT gates.
To avoid the difficulties related to implementing con-
trollable interaction-based CNOT gates, several attempts
have been made towards the goal of performing quantum
computation without these [1, 2]. A recent, very elegant
alternative, one-way quantum computation using cluster
states [3], is promising. In that approach, cluster states
are first produced and afterwards used for quantum com-
puting through individual measurements only.
Non-deterministic collective measurements, as already
demonstrated in many experiments, can be used to pro-
duce cluster states probabilistically. Indeed, cluster-state
quantum computation has recently been demonstrated
with such a technique [4]. Also, it has been shown [5]
that a non-deterministic two-qubit collective measure-
ment can be used to expand a cluster state efficiently
on a probabilistic basis, if there is a quantum storage.
Here we show that one can deterministically produce a
large cluster state via non-deterministic measurements
by using the quantum Zeno effect (see, e.g., [6, 7]). In
this effect, a quantum state is inhibited from decay if
it is measured continuously. The concept of quantum
Zeno effect can be extended to non-deterministic collec-
tive measurements, and not just confined to the standard
deterministic projective measurements.
Let us consider the following two-qubit non-
deterministic collective measurement composed of two
projectors:
J1 = |1〉〈1| ⊗ |1〉〈1|, J0 = I − J1 , (1)
where I is the four-dimensional identity operator. Mea-
surements of this type are called “J measurement” [5].
As shown below, the implementation of a J measurement
does not assume any synchronization difficulty. One only
needs to turn-on the “threshold detector”. For clar-
ity, assume that a two-qubit state is monitored by a J-
measurement detector: If the detector clicks, the state is
collapsed to |11〉; if the detector does not click, the state
is projected into the subspace J0, i.e., {|00〉, |01〉, |10〉}.
If initially the state is in the subspace J0, the quan-
tum Zeno effect will inhibit the state to evolve to |11〉
if the J measurement is performed frequently. We shall
show that, by only using single-qubit operations and J-
measurements, one can deterministically produce large
cluster states without using any separate conditional dy-
namics or quantum entangler.
Two-qubit entanglement through quantum Zeno effect
based on J measurements.— Define |ψ±〉 = 1√
2
(|01〉 ±
|10〉). We now show how to drive the two-qubit state
|00〉 to the maximally entangled state |ψ+〉 by repeating
the following W operation (on the two qubits): Rotate
each individual qubit by the same small angle θ, and then
take a J measurement. After a number of W operations,
the state |00〉 can be driven into |ψ+〉 with probability
1−O(sin θ). We do not have to require a constant θ for
each application of W , but to simplify the presentation
we now assume a constant positive θ in each step. The
initial state is
|χ0〉 = |00〉 = a0|00〉+
√
2b0|ψ+〉
= a0|00〉+ b0(|01〉+ |10〉), (2)
with a0 = 1 and b0 = 0. After the first W operation, the
initial state becomes
|χ1〉 = a1|00〉+ b1(|01〉+ |10〉), (3)
2with probability N1 = 1 − sin4 θ cos2 θ ≈ 1. Here a1 =
cos2 θ/N1 and b1 = sin θ cos θ/N1. Thus, the probability
amplitude of |ψ+〉 increases after each step. Through the
iterative application of W , the state |χ0〉 will, sooner or
later, be projected into |ψ+〉. Therefore, we only need to
show that after less than k1 ∼ O(1/ sin θ) applications of
W , the two-qubit quantum state |χ0〉 is mapped into |ψ+〉
with high probability. In this case the total probability
that the state |χ0〉 is projected into |11〉 during the whole
process is only O(sin θ). Therefore, given a sufficiently
small θ, the failure probability is negligible and the result
is almost deterministic. Consider the state |χi〉 obtained
after W is applied i times to |χ0〉:
|χi〉 =W i|χ0〉 = ai|00〉+ bi(|01〉+ |10〉). (4)
Assume that ai, bi ≥ 0. After applying W one more time
we obtain
|χi+1〉 =W |χi〉 = ai+1|00〉+ bi+1(|01〉+ |10〉) (5)
with ai+1 = [ai(1 − sin2 θ) − 2bi sin θ cos θ]/Ni+1; bi+1 =
[bi(1 − sin2 θ) + ai sin θ cos θ]/Ni+1 with Ni+1 = 1 −
a2i sin
4 θ − 4b2i sin2 θ cos2 θ ∼ 1 − O(sin2 θ). The ampli-
tude difference between |00〉 and |ψ+〉 changes after each
step. We define δi+1 = bi+1 − ai+1 − (bi − ai) =[
(ai + 2bi) sin θ cos θ + (ai − bi) sin2 θ
]
/Ni+1. After k1
applications ofW , we obtain bk1−ak1 = b0−a0+
∑k1
i=1 δi.
Our goal is now to know how large k1 is needed so that
ak1 ∼ 0, i.e., bk1 − ak1 ∼
√
2/2. If all {ai, bi; i ≤ k1} are
non-negative, then δi+1 ≥ sin θ cos θ, therefore
bk1 − ak1 ≥ −1 + k1 sin θ cos θ. (6)
Given this, we conclude that there exists a positive num-




, such that after W is applied k1
times, ak1 must be almost zero, provided that θ is suf-
ficiently small. From the above derivation and a similar
derivation, we draw the following lemma:
The W operations can map the state |00〉 into |ψ+〉,
and also map the state |ψ+〉 into −|00〉 in the same num-
ber of steps. Together with single-qubit unitary opera-
tions, any state α|00〉+ β|ψ+〉 can be mapped into |ψ+〉
with less than k1 = O(sin
−1 θ) iterations of W .
The W operations can also map the initial state |10〉
into the maximally entangled state |ψ−〉. This can be
seen as follows: Consider now the initial state
|χ′0〉 = |10〉 =
1√
2
(|ψ+〉 − |ψ−〉). (7)
The state |ψ−〉 is invariant under identical individual
rotations. Also, |ψ+〉 can be mapped into −|00〉 (see
the Lemma above). Therefore, we obtain the state
|χ′k1〉 ≈ − 1√2 (|00〉 + |ψ−〉) after k1 iterations of W .





Again using our Lemma above we conclude that this state
can also be mapped into |ψ+〉.
Quantum dynamics of the W operator.— To explic-
itly know how many W operations are needed to cre-
ate the target entangled state, we now study more pre-
cisely the properties of W using its matrix representa-
tion. Given any initial state |γ〉, after a W operation,
the (un-normalized) state in J0 space becomes:
|γ1〉 =M(θ)|γ〉 = J0R(θ)⊗R(θ)|γ〉 (9)
where M(θ) is the matrix representation of W . The
probability that the qubit is projected into the J0 sub-
space is |〈γ1|γ1〉|2. In matrix representation, R(θ) =(
cos θ − sin θ













I3⊕ 0 (I3 is the 3× 3 identity matrix). Since we are only
interested in the case when the initial state γ ∈ J0, the





2 θ − sin θ cos θ − sin θ cos θ
sin θ cos θ cos2 θ − sin2 θ
sin θ cos θ − sin2 θ cos2 θ

 . (10)
Hereafter M(θ) is simply denoted by M . After N iter-
ations of W , the evolution operator in the J0 subspace
is MN . We now test our results numerically. First, we
iterate W for k1 = 100 times with θ = pi/(200
√
2). We
obtain the numerical matrix
M100 =





This shows that if we start from the initial state |00〉,
after 100 iterations of W , we obtain the maximally
entangled state |ψ+〉 with probability 98.8% and a fi-
delity larger than 99.99%. Iterating W 1000 times with
θ = pi/(2000
√
2), we obtain a highly entangled state:
with 99.9% probability and a fidelity larger than 1−10−6.
Also, we want to have an “intelligently-designed” evo-
lution which will produce different maximally entangled
states depending on whether the initial state is |01〉 or
|10〉, since this type of evolution is crucial in expanding a
cluster state, as shown below. After k1 iterations of W ,






first qubit and apply the W operation k2 = 50 times to
obtain the final evolution matrix
M50PM100 =





As shown below, such an “intelligent” evolution can ex-
pand a cluster state deterministically. In the above two-
stage operations, we have taken first k1 iterations of
3W , then a phase flip P , and finally k2 iterations of W .





2) will produce perfect results (with both
the probability and the fidelity to be almost 1). Now we
show it explicitly. Suppose that after k1 iterations of W ,
the initial state |00〉 is mapped into the maximally entan-
gled state |ψ+〉. This requires m11 (the matrix element
of the first row and the first column of the matrix Mk1)
to be exactly 0. Here, Mk1 =
[





 0 − sin θ cos θ − sin θ cos θsin θ cos θ 0 − sin2 θ














= k1(k1 − 1) · · · (k1 − n+ 1)/n! .
Any term of the form kl1 sin
j θ is discarded in the sum-




2k1 sin θ) (13)
which becomes 0 when k1θ = pi/(2
√
2). Consider now
another initial state |10〉 = (|ψ+〉 − |ψ−〉)/√2. The |ψ−〉
part is invariant under W . According to our lemma, af-
ter k1 iterations of W , the state |10〉 must be changed to
(|ψ−〉 − |00〉)/√2. After the phase-flip P is applied, the
state becomes |χ〉 = −(|ψ+〉+ |00〉)/√2. Recall the evo-
lution property for the initial state |00〉 under iterations
of W . According to Eq. (13), after k2 iterations of W
with k2θ = pi/(4
√
2), the state |χ〉 becomes −|ψ+〉. This
means, if we start from |χ〉, we only need k2θ = pi/(4
√
2)
in order to obtain −|ψ+〉. Based on these facts we con-
clude the following theorem:
The operator W k/2 P W k can change the initial states
(|00〉, |10〉) into (|ψ−〉, − |ψ+〉) if kθ = pi/(2√2), and
the θ for every step is very small.
Our W operation is not limited to produce two-qubit
entanglement, as shown below; it can also be used to
expand a cluster state almost deterministically.
Quantum entanglement expansion.— Universal quan-
tum computation can be performed given a cluster state
and single-qubit measurements. As is well known, one
can build a large cluster state from the product state
|+〉|+〉 · · · |+〉, where |+〉 = (|0〉 + |1〉)/√2, with a C-
Phase gate applied to the nearest qubits from the left
to the right. A C-Phase will change any state |i〉|j〉
into (−1)ij |i〉|j〉, (i, j ∈ 0, 1). For example, consider
the two-qubit case: The state |+〉|+〉 is changed into
(|0〉|+〉+|1〉|−〉)/√2, which can be transformed into |ψ+〉
by a single-qubit flip operation. In general, an n-qubit
cluster state can be written in the following bipartite
form
|Cn〉 = |E〉|0〉 + |E′〉|1〉 (14)
where |E〉 and |E′〉 span the subspace of the first (n− 1)
qubits, |0〉 and |1〉 span the subspace of the nth qubit. We
can expand this to an (n+ 1)-qubit cluster state using a
C-Phase gate with an ancilla qubit |+〉. Explicitly, after
the C-Phase gate, the expanded cluster state becomes
|Cn+1〉 = |E〉|0〉|+〉 + |E′〉|1〉|−〉. (15)
The few lines above are well known results on how to
produce a cluster state with C-Phase gates. Below we
present the important result of this Letter on how to
expand a cluster state in the form of Eq. (15) by our W
operations. Here, we do not need any C-Phase gate since
the W operation is sufficient for such type of expansion.
We first take a Hadamard transform of the last qubit of
the initial n-qubit cluster state in Eq. (14) and we set
the ancilla state to be |0〉. The entire state of the (n+1)
qubits is now




[|E〉(|00〉+ |10〉) + |E′〉(|00〉 − |10〉)] . (16)
According to our theorem, the operatorW k/2 P W k leads
to the following transformation
|00〉 −→ |ψ−〉; |10〉 −→ −|ψ+〉 (17)
if kθ = pi/(2
√
2). This means that, after applying
W k/2PW k, the state of (n+ 1) qubits becomes
1√
2
[|E〉 (|ψ−〉 − |ψ+〉)+ |E′〉 (|ψ−〉+ |ψ+〉)]
= −|E〉|10〉 + |E′〉|01〉. (18)
After applying a phase-flip and a Hadamard transform
to the last two qubit, and a bit-flip the the nth qubit, we
obtain an (n+ 1)-qubit entangled state identical to that
of Eq. (15). This means that the J measurement can
be used to produce and expand a cluster state almost
deterministically, if the rotation angle θ of every step is
sufficiently small.
Possible implementation using superconducting
qubits.— Such type of W operation is experimentally
implementable. As an example, we consider a possible
implementation using Josephson-junction circuits (see,
e.g., [8, 9, 10]). Consider a circuit with one large
junction, denoted by “0” and two parallel flux qubits,
each one consisting of three smaller junctions, as shown
in Fig. 1. If the current across junction 0 is larger
than a certain critical value IT0, it switches from the
superconducting state to the normal state. The direction





FIG. 1: (Color online) The so called “J” measurement can be
implemented by a Josephson-junction circuit with flux qubits.
Junction “0” is a larger junction. Flux qubit 1 and flux qubit
2 each consists of three small junctions. Φe is the flux of the
external magnetic field threading the loop connecting junction
“0” and qubit 1.
depends on its state, say, |1〉 for the “up” current and
|0〉 for the “down” one. The current contributed from
those three-junction flux qubits is significantly less than
IT0. However, with an appropriate bias current, the
current contributed by those flux qubits determines
whether the large junction, 0, will be switched to the
non-superconducting state with a nonzero voltage V .
The current is determined by the quantum state of
those flux qubits in the circuit. Suppose that the state
|1〉, |0〉 of each individual qubit contributes a current
±ID, respectively. If the bias current is set to be, e.g.,
Ib = IT0 − ID, by monitoring the voltage V , we can
conclude whether the state of those flux qubits has been
projected to the state |11〉. Of course, the bias current
Ib and the magnetic flux Φe can be tuned. Consider
the case where there are only two qubits. There are
two subspaces, J0 = {|00〉, |01〉, |10〉} and J1 = |11〉. A
state in subspace J1 (J0) will cause (not cause) junction
“0” to switch from the superconducting to the normal
state, given a certain bias current Ib and an external
field Φe. Thus, when the current Ib is biased, we can
conclude whether the quantum state of those observed
qubits belongs to subspace J0 or J1, by monitoring the
voltage V . If no bias current is applied, there is no
measurement. But if the bias current slightly below IT0
is applied, a “J” measurement is performed.
Let us demonstrate how to deterministically produce
an entangled pair using our theory based on such a cir-
cuit. The Hamiltonian for a flux qubit is [10]
H = Ip(Φe − 1
2
Φ0)σz +∆σx (19)
where Ip is the maximum persistent super-current of the
flux qubit, ∆ is the tunnelling amplitude of the barrier
and ∆ ≪ IpΦ0, with Φ0 being the flux quantum. Ini-
tially we can set Φe ≪ Φ0/2 so that the state |00〉 is
produced for the two flux qubits. We then shift Φe to
Φ0/2 very fast and apply Ib frequently. After a time pe-
riod of pi/(2
√
2∆), the entangled state |ψ+〉 is produced
if V = 0 is verified throughout the period. This proce-
dure can be extended so as to experimentally produce
large cluster states.
Concluding remarks.— We have presented a general
theory for producing and expanding cluster states us-
ing the quantum Zeno effect through single-qubit rota-
tions and a non-deterministic collective measurement:
the J measurement. This opens up a new path for
measurement-based quantum computation. We then
show that our approach can be implemented using super-
conducting qubits. Of course, our approach can be ap-
plied to other types of qubits. Besides cluster states, the
method presented here can also be used to produce many
other types of entangled states including the Greenberg-
Horne-Zeilinger states and the so-called W state [11].
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